HORNSBY GIRLS’ HIGH SCHOOL

2007
TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION

Mathematics Extension 2

General Instructions Total marks (120)
o Reading Time — 5 minutes o Attempt Questions 1-8
o Working Time — 3 hours o All questions are of equal value

Write using a black or blue pen

e}

Approved calculators may be used

o]

A table of standard integrals is
provided at the back of this paper.

o

o All necessary working should be
shown for every question.

o Begin each question on a fresh sheet
of paper.




Total Marks — 120
Attempt Questions 1-8
All Questions are of equal value

Begin each question on a NEW SHEET of paper, writing your student number and question number

at the top of the page. Extra paper is available.

Question 1 (15 marks) Use a SEPARATE sheet of paper.
(a)  Use the technique of integration by parts to find:

(i) J.lnx dx

(i1) J-e" cosx dx

(b) Use partial fractions to find j 42dx
4x° -1
dx
c) Find [——F——
(©) J- xP+2x+4

(d) Find ,/"——1 dx
x+1
% dx

(e) By using the substitution ¢ = tan(g) and partial fractions evaluate J-

Question 2 (15 marks) Use a SEPARATE sheet of paper.

(@) Given that P and Q represent the complex numbers 5+ 2+v/6i and 1-+/3;
respectively, find:

1) g in the form x+iy

(i) PxQ
(i1i) VP in the form X+iy
(iv) The modulus and argument of Q

(v) The complex number R in the form x +iy, given that argR =2 argQ

and [Rf = Z’Ql
(b)  On an Argand diagram sketch the region defined by —2 < Re(Z ) <1

(c) Draw a sketch in the complex plane of the locus of Z given by the equations
() arg(Z-3+2i)= %

(ii) arg(Z -1)-arg(Z +1)= %

;4sinx+3cosx
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Question 3 (15 marks) Use a SEPARATE sheet of paper.

(a)

Given f (x) =e" -2 draw large (half page), separate, neat and accurate sketches of

each of the following, showing clearly all the intercepts and asymptotes:

G0 y =)
(i) y=|f(x)
L]

=75

(v) ¥y’ =f(x)

(b) The region bounded by the curve y =x’ —4x+4 and the x and y axes is rotated
about the line y = —1. Find the volume of the solid of revolution.
x2 y2
(c) An ellipse has equation i + ) =1. Find the eccentricity, co-ordinates of the
foci S and S’ and the equations of the directrices.
Question 4 (15 marks) Use a SEPARATE sheet of paper.
(a) Find:
) J.sin3 x.cos’ xdx
dx
(i) |
fx3 Vxt -4
(iif) j tan® x dx
(b) (i) Show that a reduction formula for, 7, = [x" cosx dx, is

I =x"sinx+nx""'cosx—n(n-1)I _
n n-2.

”
(ii) Hence, or otherwise, evaluate J.x4 cosx dx
0
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Question 5 (15 marks) Use a SEPARATE sheet of paper.

(2

(b)

©

@

A mass of 3 kg, on the end of a string 0.8 metres long, is rotating as a conical
pendulum with angular velocity 3w radians per second. Use g=10m/s* and
let & be the angle that the string makes with the vertical.

@) Draw a diagram showing all the forces acting on the mass

(ii) By resolving forces, find the tension in the string

(iif)  Find 6 correct to the nearest degree

A particle is dropped from rest at a height 4 metres above the ground.
Attime 7 seconds its height above the ground is given by

ge-kl ___&
K k?

6)] Show that x = g — kv where the velocity of the particle is v m/s

x=h+§£+
k

(i1) What forces are acting on this particle ? Explain carefully.

(i) Ifittakes T seconds for the particle to reach half its terminal velocity,

find the value of &' .

Find the magnitude of the braking force required to stop a truck of mass 4800 kg

in 55 metres when it is traveling at 40 km/h down an incline of angle 5° to the
horizontal. (assume no wind resistance and use g=10m/s%)

cos y —cos(y + 2x) o
2sinx =sin(y +)

Prove the identity

Marks



Question 6 (15 marks) Use a SEPARATE sheet of paper. Marks

(a)

A mould for a section of concrete piping is made by rotating the region bounded by

6
the curve y =
g v4-x*

one complete revolution about the line x = 3. All measurements are in metres.

and the x-axis between the lines x=0 and x =1 through

(i) By considering strips of width & parallel to the axis of rotation, show that the
t
3—x

volume ¥ m’ of the concrete used in the piping is givenby V =127 dx 3
o V4 - X2
(ii) Hence, or otherwise, find the volume of the concrete used in the piping, giving
your answer correct to the nearest cubic metre. 3
(b) (i) Sketch the graph of the curve y = x+e™ showing clearly the coordinates of
any turning points and the equations of any asymptotes. 2
(ii) The region in the first quadrant between the curve y = x+e™* and the line
y = x and bounded by the lines x=0and x =1 is rotated through one complete
revolution about the y-axis. Use the method of cylindrical shells to find the
volume of the solid. 5
() The expression \/12+\/12+\/12+ 12+ ... has a limit L.
2

Find the exact value of L.



Question 7 (15 marks) Use a SEPARATE sheet of paper.

(a) Theroots of px’+gx® +rx+s=0 forma geometric series. Prove that pr® = q’s
(b) If iisarootof z*+2z° -2z? +22-3=0, find the other three roots.

(c) Giventhat O(x)=x* - 5x* +4x> +3x+9 has a zero of multiplicity 2,
solve the equation Q(x) =0 over the complex field.

(d) Given the function f(x)=+2-+x
(i) Whatis the domain of f(x) ?

(i) Show that f (x) 1s a decreasing function and deduce the range of f (x)

4
(iii) By considering the graph of y = f (x), or otherwise, evaluate I V2 =+xdx
0

Marks



Question 8 (15 marks) Use a SEPARATE sheet of paper. Marks

(a)

(b

(©)

Consider the rectangular hyperbola xy =4

(1) Show that the gradient of the tangent at the point P[Zp,EJ is _—21 1
p p

(i) Show that the equation of the normal at P is given by p’x - py = Z(p" - 1) 1
(iii)  This normal meets the hyperbola again at Q[Zq,g). Prove that p’q=-1. 3
q

(iv)  Hence, or otherwise, find the equation of the chord that is a normal at both
ends of the chord.

The line 3y = Sx + 1 is the equation of the diagonal of a square. One of the square’s
vertices is (3,11). Find the coordinates of the other vertices. 3

A solid of height 10 metres stands on horizontal ground. The base of the solid is an
ellipse with semi-axes 20 metres and 10 metres.

Horizontal cross-sections taken parallel to the base and at height A metres above the
base are ellipses with semi-axes x metres and 4 metres.

The centres of these elliptical cross-sections and the base lie on a vertical straight line,
and the extremities of their semi-axes lie on sloping straight lines as shown in the
diagram. The top of the solid is an ellipse with semi-axes 10 metres and 5 metres.

Find the volume of the solid correct to the nearest cubic metre.
2 2

(you may assume that the area contained by the ellipse iz- + 5_2 =1is mb). 5
a

END OF PAPER
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